
Letter to the Editor

Clearance and infusion

Yves Plusquellec*

UFR de Mathe´matiques, Universite´ Paul Sabatier, Toulouse, France

Received 28 October 1997

Question: what must be the rate of infusion (Ko) in com-
partment 1 of anyn-compartment pharmacokinetic model to
achieve a specific steady-state concentration (C)?

Answer: Ko = C × Cl whereCl is the total clearance.

Proof: For an n-compartment pharmacokinetic model
with first-order kinetics except for the input rateKo which
is constant and where elimination can take place from all
compartments: letxi(t) be the amount of drug at timet in
compartmenti (i = 1,…,n).

With

Kj = ∑
n

i =0, iÞj
kji (j =1, …,n)

x′1 = −K1x1 +k21x2 +… +kn1xn +Ko

x′2 = k12x1 −K2x2 +… +kn2xn

:

x′n = k1nx1 +k2nx2 + … −Knxn

8>>>>><
>>>>>:

(1)

with xi(o) = 0 for all i = 1, …, n. Coefficientkij (in time−1)
stands for exchange from compartmenti to compartmentj
(kio for outside).

The matrixM of this differential system is

M =

−K1 k21 kn1

k12 −K2
… kn2

:

k1n k2n
… −Kn

0
BBBBB@

1
CCCCCA

whereD is the matrix obtained fromM by discarding the
first row and the first column ofM.

Let zi(s) = L xi(t), the Laplace transform ofxi(t). Then Eq.
(1) becomes

sz1 = −K1z1 +k21z2 +… +kn1zn + (Ko=s)

:

szn =k1nz1 +… −Knzn

8>><
>>:

(2)

Thus, by Cramer’s method

z1(s) =
1

PM (s)

−Ko=s k21
… kn1

0 −K2 −s kn2

:

0 k2n
… −Kn −s

�����������

�����������
wherePM (s) =det(M −sIn) with In the unity matrix of order
n.

Developing from the first column, we obtain

z1 = −
Ko

sPM (s)
det(e−sIn−1) =

P(s)
Q(s)

(3)

if P(s) = −Kodet(D −sIn−1� andQ(s) =sPM (s)

From Heaviside’s theorem if all eigenvalues ofM are dis-
tinct

x1(t) =
P(o)
Q′(o)

+ ∑
i

P(li)
Q′(li)

eli t (4)

whereli are the roots ofPM(s) that is the eigenvalues ofM,
whose real parts are always negative, such as

lim
t→ + ∞

eli t =0

Thus, at steady state

lim
t→ + ∞

x1(t) =
P(o)
Q′(o)

=
−Ko dete

PM (o)
=

−Ko dete
detM

(Note that if the eigenvalues ofM are not distinct, the result
for lim x1(t) remains valid because Bromwich’s theorem
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gives the same constant coefficientP(o)/Q′(o), while other
entries include products oft and elit whose limit when
t → + ∞ is 0).

If V denotes the volume of distribution of compartment 1
andC1(t) the concentration in this compartment, then

lim
t→ + ∞

C1(t) =
−Ko dete
V detM

(5)

For the concentration at steady state to have a specific value
C, then Eq. (5) gives the value of the necessary infusion
rateKo

Ko =C ×
−V detM

dete

� �
(6)

To obtain the complete solution to the problem, it remains
to show that−V det M/detD represents the total clearance.

Since clearance does not depend on the route of admin-
istration in the model, we may obtain clearance by
Cl =D=(A ∪ C1) whereA ∪ C1 is the area under concentra-
tion curve in compartment 1 after a bolus of a doseD in this
compartment. Furthermore,A ∪ C1 =Z1(o)=V whereZ1(s)
denotes the Laplace transform of the amountx1(t) in com-
partment 1 receiving the bolus doseD

Z1(s) =
1

PM (s)

−D k21
… kn1

0 −K2 −s kn2

0 kn2 −Kn −s

��������
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�
−D det(e−sIn−1)

PM (s)

Thus

Z1(o) =
−D dete

PM (o)
=

−D dete
detM

and A ∪ C1 =
−D dete
V detM

so that

Cl =
−V detM

dete
and Ko =C × Cl

Note that the units are consistent on both sides of the equa-
tion (m = mass,l = liter, h = hour): Ko is in m/h; C
is a concentration inm/l; a clearanceCl is in l/h thus

C × Cl is in m/l × l/h = m/h asKo.
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